A short account on Gaussian quadrature rules for integrals with logarithmic singularity, as well as some new results for weighted Gaussian quadrature formulas with respect to generalized Gegenbauer weight x → |x| γ (1 − x 2 ) α , α, γ > −1, on (−1, 1), which are appropriated for functions with and without logarithmic singularities, are considered. Methods for constructing such kind of quadrature formulas and some numerical examples are included.
Introduction
In this paper we give a short account on Gaussian quadrature rules for integrals with logarithmic singularity, as well as some new results for weighted quadrature rules of Gaussian type with respect to generalized Gegenbauer weight on (−1, 1) suited for functions with and without logarithmic singularities. Some of these results have been recently presented during author's plenary lecture at the 28th International Conference of The Jangjeon Mathematical Society (May [15] [16] [17] [18] [19] 2015 , Akdeniz University Antalya, Turkey).
The paper is organized as follows. A history of Gaussian quadrature formulas and basic connection to orthogonal polynomials are presented in Section 2. Gaussian quadratures for non-polynomial systems are introduced in Section 3. Generalized weighted Gaussian formulae for functions with a logarithmic singularity are considered in Section 4. In particular, quadrature rules of Gaussian type with respect to the generalized Gegenbauer weight are presented. Such rules are able to integrate functions with a sufficient accuracy, regardless of whether they are smooth, or contain a logarithmic singularity. Methods of construction such kind of quadratures, as well as some numerical examples, are given in Sections 5 and 6.
Gaussian quadratures and orthogonal polynomials
One of the most significant event of the 19th century in the field of numerical integration and perhaps in all of numerical analysis was the discovery of Gaussian quadratures in 1814. While interpolatory Newton-Cotes formula for numerical integration from 1676,
with fixed nodes (usually selected equidistantly on [a, b]), is exact only for algebraic polynomials of degree at most n − 1, the corresponding Gaussain formula is exact for polynomials of degree at most 2n − 1. This dramatically increasing of degree of exactness has enabled by a free choice of nodes x k , k = 1, . . . , n. Starting only from the previous work of Newton and Cotes and using his own result on continued fractions associated with hypergeometric series, Gauss proved this result. It is interesting to mention that in the case [a, b] = [0, 1], Gauss [5] determined numerical values of the nodes x k and the weight coefficients A k , k = 1, . . . , n, for all n ≤ 7, with almost 16 significant decimal digits. An alternative (and elegant) derivation of Gaussian formulas was provided by Jacobi [14] , using theory of orthogonality. His result can be stated in the form: Given a positive integer m (≤ n), the quadrature rule Q n ( f ) in (1) has an algebraic degree of exactness d = n − 1 + m if and only if the following conditions are satisfied: 1 • Formula Q n ( f ) is interpolatory; 2
• The node polynomial q n (x) = (x − x 1 )(x − x 2 ) · · · (x − x n ) satisfies I(q n p) = 0 for each polynomial of degree at most m − 1.
Let P n be the set of all algebraic polynomials of degree at most n, P be the set of all algebraic polynomials, and (p, q) be an inner product defined on (a, b) = (−1, 1) by (p, q) = p(x)q(x) dx (p, q ∈ P). According to the previous Jacobi result, an n-point quadrature formula (1) has the maximal degree of exactness 2n − 1, i.e., m = n is optimal, because the higher m (> n) is impossible. Indeed, the condition 2
• for m = n + 1 requires the orthogonality I(q n p) = (q n , p) = 0 for all p ∈ P n , which is impossible when p = q n , because I(q
Thus, in the case m = n, the orthogonality condition 2
• shows that the node polynomial q n must be (monic) orthogonal polynomial on (−1, 1), and therefore the nodes x k must be zeros of the polynomial q n (x), which is exactly the monic Legendre polynomial of degree n.
After further contributions by Mehler, Radau, Heine, Posse, etc., Christoffel generalized the previous Gauss-Jacobi theory to arbitrary weighted integrals I( f ; w) = b a f (x)w(x) dx, and Stieltjes to integrals with respect to the positive measures dµ(x) on the real line with finite or unbounded support, I( f ; dµ) = R f (x) dµ(x). A nice survey of Gauss-Christoffel quadrature formulae was given by Gautschi [6] . In this paper we deal with Gauss-Christoffel quadratures
with respect to the weight function w : (a, b) → R + , for which all moments µ k = b a x k w(x) dx exist and are finite, and µ 0 > 0. The quadrature sum will be denoted By Q n (w; f ) and R n (w; f ) we denote the quadrature sum and the corresponding remainder term, respectively. Under previous conditions for moments, for each n ∈ N, there exists the n-point Gauss-Christoffel quadrature formula (2) which is exact for all algebraic polynomials of degree ≤ 2n − 1, i.e., R n (w; f ) = 0 for each f ∈ P 2n−1 .
Thus, the Gauss-Christoffel quadrature formula can be characterized as an interpolatory formula for which its node polynomial q n (t) = n k=1 (x − x k ) is orthogonal to P n−1 with respect to the inner product defined by
Therefore, orthogonal polynomials play an important role in the analysis and construction of such quadrature formulas of the maximal algebraic degree of exactness. The monic polynomials π ν ( · ) = π ν (w; · ), ν = 0, 1, . . ., orthogonal with respect to (3) satisfy the three-term recurrence relation (cf. [19, p. 97 
with recurrence coefficients α ν = α ν (w) and β ν = β ν (w) > 0, and
For numerical construction of quadrature rules (2) of the maximal algebraic degree of exactness, there are several stable algorithms. The most popular of them is one due to Golub and Welsch [12] , which is based on determining the eigenvalues and the first components of the corresponding normalized eigenvectors of the following symmetric tridiagonal Jacobi matrix
where α ν and β ν , ν = 0, 1, . . . , n − 1, are the coefficients in the three-term recurrence relation (4) for the monic orthogonal polynomials π ν (w; · ). The nodes x k , k = 1, . . . , n, in the weighted Gauss-Christoffel quadrature formula (2) are the eigenvalues of the Jacobi matrix J n (w), and the weights A k are given by
where β 0 = µ 0 and v k,1 is the first component of the normalized eigenvector v k corresponding to the eigenvalue x k ,
Thus, if recursive coefficients in the three-term recurrence relation (4) are known explicitly, as for example, in the case of very classical orthogonal polynomials, the construction of quadratures with the maximal algebraic degree of exactness (Gaussian quadratures in the polynomial case) can be realized very easy for arbitrary n ∈ N. Orthogonal polynomials for which the recursion coefficients are not known we call strongly non-classical polynomials. In such cases we need a stable numerical construction of recursive coefficients based on the Gautschi constructive theory of orthogonal polynomials on the real line [7] , [8] , [9] (see also [10] , [19] , [21] ).
Recent progress in symbolic computation and variable-precision arithmetic now makes it possible to generate the recurrence coefficients α k and β k directly by using the original Chebyshev method of moments, but in a sufficiently high precision arithmetic. Such an approach enables us to overcome the numerical instability. Respectively symbolic/variable-precision software for orthogonal polynomials is available: Gautschi's package SOPQ in Matlab and our Mathematica package OrthogonalPolynomials (see [4] , [23] , [21] ), which is downloadable from the web site http://www.mi.sanu.ac.rs/˜gvm/. A survey on quadrature processes and new applications has been recently given in [20] .
Unfortunately, such elegant tools do not exist for non-polynomial basis systems of functions and related Gaussian quadratures, which will be considered in the following section.
Gaussian quadratures for non-polynomial systems
Gauss's method can be extended in a natural way to non-polynomial functions, taking a system of linearly independent functions
usually chosen to be complete in some suitable space of functions. If w(x) is a given nonnegative weight function on [a, b] and the quadrature rule
is such that it integrates exactly the first 2n functions in (6) , then the rule (7) is called Gaussian with respect to the system (6). The existence and uniqueness of such a quadrature rule of Gaussian type for a nonpolynomial system (6) is always guaranteed if the first 2n functions of this system constitute a Chebyshev system on [a, b] . In that case, all the weights A 1 , . . . , A n in (7) are positive. In terms of moment spaces, the Gaussian rule corresponds to the unique lower principal representation of the measure dµ(x) = w(x) dx (see Karlin and Studden [15] ). A further refinement of the results of existence and uniqueness of Gaussian quadrature rules for nonpolynomial systems (in the other words, for the so-called generalized Gaussian quadrature rules) was given by Ma, Rokhlin, and Wandzura [18] . Suppose a system of functions ψ k , k = 1, . . . , 2n, which are continuous on (a, b], and that there exists a function r integrable and continuous on (a, b], such that |ψ k /r| < +∞ as
, constitute the Chebyshev system on [a, b], then the generalized Gaussian quadrature formula (7) exists uniquely. Further, assuming that system of functions ψ k , k = 1, . . . , 2n, is Chebyshev on the interval (a, b] and integrable (w.r.t. to a given weight function w), we have that Gaussian quadrature rule exists uniquely (see [18] ).
The most important systems of functions which satisfy the previous condition are the well known Müntz systems.
A construction of the generalized Gaussian quadrature formula (7) was considered in [18] , taking a Chebyshev system of functions {ψ 1 , ψ 2 , . . . , ψ 2n } on [a, b] with the following properties:
(2) the determinants
. . .
for any set of n points
Such a system will be referred to as an extended Hermite (EH) system. The procedure given in [18] requires the construction of the functions
such that
for all i = 1, . . . , n and all k = 1, . . . , n. The algorithm is ill conditioned (see [18, Remark 6.2] ). In order to obtain the double precision results (REAL*8), the authors performed the computations in extended precision (Q-arithmetic, i.e., REAL*16) for generating Gaussian quadratures up to order 20, and in Mathematica (120-digit operations) for generating Gaussian quadratures of higher orders (n ≤ 40).
In [22] , Milovanović and Cvetković proposed a quite different numerical algorithm which is numerically stable and simpler than the previous one. It performs calculations in double precision arithmetic to get double precision results. Otherwise, the generalized Gaussian quadratures for Müntz systems goes back to Stieltjes's paper [29] of 1884. Taking
, where 0 ≤ λ 1 < λ 2 < · · · , he showed the existence of Gaussian formulae. In his short note he considered also Gauss-Radau formulae.
The quadrature formulas (7) possess several properties of the classical Gaussian formulae (for polynomial systems), such as positivity of the weights, rapid convergence, etc. They can be applied to the wide class of functions, including smooth functions, as well as functions with end-point singularities, such as those in boundary-contact value problems, integral equations, complex analysis, potential theory, and several other fields.
Generalized weighted Gaussian formulae for functions with a logarithmic singularity

Quadrature rules for integrals in boundary element method
Quadrature formulas play a very important role in numerical implementation of the boundary element method (BEM), especially for higher order elements (see [16, Chapters 4 & 5] and [1, Chapter 6] ). For calculating integrals of the corresponding influence coefficients (for off-diagonal elements and diagonal elements), quadratures of Gaussian type are very appropriate. In particular, for sufficiently smooth functions on a finite interval [a, b] , an application of Gauss-Legendre quadrature formula (after a linear transformation to the standard interval [−1, 1]) provides numerical integration with a satisfactory accuracy. However, for integrals with a logarithmic singularity the convergence of the corresponding quadrature process is very slow, so that some weighted quadratures of Gaussian type are recommended, e.g.,
In such kind of Gaussian quadratures, the weight functions include these "difficult parts (with singularities)" of the integrand. Integrals with nearby and strong singularities was recently considered by Tsamasphyros and Theotokoglou [30] .
Regarding the previous fact, it would be very useful to have some kind of quadrature rules suited for functions with and without logarithmic singularities. In other words, such universal (direct) quadrature formulae need to be able to integrate functions with a sufficient accuracy, regardless of whether they are smooth, or contain a logarithmic singularity. This would avoid the separation of a function into singular and non-singular parts, as well as use two different quadrature formulas.
An approach for constructing such universal quadrature formulae which integrate both kind of functions, smooth and ones with a logarithmic singularity, was considered by Nahlik and Białecki [25] . They assumed that the integrand behaves as a logarithm near zero, i.e.,
and constructed symmetric interpolatory quadrature formulas of the form
taking zeros of are orthonormal with respect to the usual inner product ( f, ) =
by the standard Gram-Schmidt procedure. These zeros are real, distinct and are symmetricaly distributed in (−1, 1) (see graphics of functions 4 , 6 , and 8 in Figure 1 ), but the obtained quadratures are not of Gaussian type. Another approach for weakly singular logarithmic integrals, which appear in two-dimensional BEM problems, was considered by Smith [28] . He discussed some direct Gaussian rules for logarithmic singularities on isoparametric (quadratic and cubic) elements.
Recently, Milovanović, Igić an Turnić [24] have developed an efficient method for constructing a class of generalized quadrature formulae of Gaussian type on (−1, 1) for integrals
f (x) dx, with logarithmic singularities. Also, they have presented several special cases for such n-point quadratures, which are exact on the both of spaces P 2n−2 −1 [−1, 1] (the space of algebraic polynomials of degree at most 2n − 2 − 1)
(the logarithmic space), where 1 ≤ ≤ n. The construction of such quadratures is based on solving systems of nonlinear equations, using orthogonal system of basis functions. The last provides the well conditioned matrices in the corresponding iterative procedure.
In the sequel we consider (2m)-point symmetric quadrature rules of Gaussian type
and
where
The first of them will be Gaussian rule with an algebraic degree of exactness 2(2m) − 1 = 4m − 1, and the second one will be exact for all functions from the set
Otherwise, these symmetric formulas (13) and (14) are true for any odd function.
Generalized Gegenbauer orthogonal polynomials on (−1, 1)
In the quadrature formulas (13) and (14) we use the generalized Gegenbauer weight function
The monic polynomials W 
We can also see that W (α,β) 2k+1
(x). These orthogonal polynomials satisfy the following three-term recurrence relation
with recursive coefficients
is the beta function.
Some basic facts on the quadrature rule (14)
We study the generalized Gaussian quadrature rule (14) , which is exact for all functions from A L . The corresponding orthonormal system of functions
can be obtained from (15) by some of orthogonalization processes, for example, by the Gram-Schmidt procedure, so that
where w is the generalized Gegenbauer weight function given by (16) . Notice that the first 2m functions in (18) are algebraic polynomials; in fact, they are orthonormal generalized Gegenbauer polynomials,
Also, we note that {ψ 2ν−1 } 2m ν=1
are even, and {ψ 2ν } 2m ν=1
are odd functions. As we mentioned before, the elegant tools (like orthogonal polynomials) do not exist for non-polynomial basis systems of functions and related Gaussian quadratures. Thus, in construction of such symmetric rules we need to solve the following system of nonlinear equations
taking only even basis functions {ψ 2ν−1 } 2m ν=1
. Since ψ 1 (x) = 1/ β 0 , where β 0 = B(α + 1, β + 1), because of orthogonality, the right-hand side in (19) reduces to
In the sequel we need an auxiliary result for the sequence of only even functions {ψ 2ν−1 } 2m ν=1
from (18) . This result enables us to get a simpler method for constructing generalized Gaussian quadratures of the mentioned form. be a system of only even functions orthogonal with respect to the inner product ( f, ) = f (x) (x)w(x) dx. Then the functions ϕ ν (t) = ψ 2ν−1 ( √ t), ν = 1, . . . , 2m, are orthogonal on (0, 1) in the following sense
Proof. Let ν µ. Since
we have, by a change of variables x 2 = t,
Thus, the system of functions ϕ ν (t) = ψ 2ν−1 ( √ t), ν = 1, . . . , 2m, satisfies the orthogonality relation (20) .
Otherwise, the construction of symmetric quadrature rules on (−1, 1) can be significantly simplified by a transformation from (−1, 1) to the interval (0, 1) and we will use it in the rest of this work.
Two equivalent weighted quadrature rules
Now, we consider (2m)-point symmetric quadrature with respect to an even weight function x → W(x) on (−1, 1),
where 0 < x 1 < · · · < x m ≤ 1. Evidently, such a quadrature is exact for every odd function. Now, we want to transform this quadrature (21) to the interval (0, 1). Namely, because of W(−x) = W(x), we have
and then, by changing variables x = √ t, we obtain
where the function is defined by
Then, the right-hand side of (21) reduces to
where we put
( f ), so that the right-hand side in (22) corresponds to the transformed integral, i.e.,
In this way, we have proved the following result:
Lemma 4.2. Under conditions (23), the weighted quadrature formulas (21) and (24) are equivalent.
In the sequel we use this lemma in construction of quadrature formulas on (−1, 1), with 2m nodes, using a construction of the corresponding rules on (0, 1), with only m nodes.
Construction of Gaussian quadrature rule (12)
In order to construct the quadrature formula (13), i.e.,
we start with Lemma 4.2 and construct first the quadrature rule (24) with m nodes. In this case (24) should be a weighted quadrature rule of Gaussian type, with respect to the weight function
The moments of this weight function m k = 1 0 t k w 0 (t) dt can be exactly calculated in terms of the so-called digamma function (i.e., the logarithmic derivative of the gamma function) ψ(z) = Γ (z)/Γ(z). So, we have (cf. [26, p. 490] )
which is enough for finding recursion coefficients in the three-term recurrence relation for polynomials orthogonal with respect to the weight function w 0 on (0, 1), as well as for the nodes τ k and the weights B k , k = 1, . . . , m, in the Gaussian quadrature formula (24), by our Mathematica package OrthogonalPolynomials (see [4] and [23] ), because Mathematica evaluates ψ(z) to arbitrary numerical precision, using the function PolyGamma[z]. Then, by (23) we obtain the parameters x L k and A L k in the rule (13). For example, using our Mathematica package OrthogonalPolynomials (see [4] and [23] ) and executing the following commands: we obtain the first 20 recurrence coefficients (for α = 0 and β = −1/2 in the weight w 0 ) with the maximal relative error 5.50 × 10 −30 , using the working precision of 35 decimal digits. Notice that for calculating this maximal relative error in recursive coefficients we have to compute them with some better precision (in this case we used 50 decimal digits). Now, we can calculate Gaussian parameters (nodes and weights) in (24) are the sine integral function and the Fresnel integral, respectively, and 2 F 3 is the hypergeometric function, defined by Figure 2 : Graphics of the integrands x → cos(10x) log(1/|x|) (left) and x → cos(50x 2 ) log(1/|x|) (right) where (a) k is the Pochhammer symbol, (a)
Integrands in I( f 1 ) and I( f 2 ) are presented in Figure 2 .
In order to calculate these integrals we use the quadrature rule (13) (with the parameters α = 0 and β = −1/2). In Table 1 we present quadrature approximations and the corresponding relative errors,
Digits in error are underlined, and numbers in parenthesis indicate the decimal exponents.
As we can see, in the case of I( f 1 ), the convergence of the quadrature rule (13) is very fast.
Construction of Gaussian quadrature rule (13)
We return now to construction of a direct (universal) quadrature of Gaussian type (14), i.e.,
As we have seen earlier, a nonlinear system of equations for finding nodes x k and weight coefficients A k , k = 1, . . . , m, is given by (19) . Using Lemmas 4.1 and 4.2, this system of equations becomes
is a system of orthogonal functions on (0, 1) with respect to the weight function t → w(
, and δ ν,1 is the Kronecker's delta. Evidently, this system of equations gives a characterization for the quadrature formula (24) to be Gaussian on (0, 1).
In our construction of orthonormal system of functions {ϕ 1 , ϕ 2 , . . . , ϕ 2m }, we use an orthogonalization process described in [19, pp. 75-77] , starting from the system of 2m linearly independent functions U = {1, t, . . . , t m−1 , log t, t log t, . . . , t m−1 log t}. Then, for k ∈ N 0 and α, β > −1, we need an integral of the form
as well as the following integrals (cf. [26, p. 490 
We mention that Mathematica evaluates derivatives ψ (n) (z) to arbitrary numerical precision, using the function PolyGamma[n,z]. Otherwise, the first m functions of this orthogonal system are, in fact, the orthonormal polynomials (see Subsections 4.2 and 4.3)
Thus, our method for constructing quadrature rules of the form (24) is based on solving system of nonlinear equations (26), i.e.,
by the standard Newton-Kantorovich method. Here, x is (2m)-dimensional vector, which coordinates are weights and nodes in the quadrature rule (24), i.e.,
T . The Jacobian for the system of equations (27) can be easily calculated in the form
where the matrices
, and Z m = Z m (B, t) are given by
In matrix notation, the system of equations (27) has the following form
where e 1 is the first coordinate m-dimensional vector, e 1 = [1 0 · · · 0] T . Following [22] let ∆B = B −B and ∆t = t −t, where (B,t) is the unique solution of the nonlinear system of equations (29) . Then, we can formulate the Newton-Kantorovich method, using the following linearized system of equations obtained by truncating the Taylor expansion at the point (B, t),
or in the matrix form
Taking the solution (B,t) of (30) to be the next approximation, our iterative process becomeŝ
We can prove that this process is quadratic convergent, providing sufficiently good starting values. For solving the equation f(x) = 0, with a continuously differentiable mapping f, it is well known (cf. [11, pp. 284-287] ) that there exists some ε > 0, such that for each x 0 with the property x 0 −x ≤ ε, the sequence
, generated by the Newton-Kantorovich method
tends to the solutionx with a quadratic convergence x k+1 −x = O( x k −x 2 ). In our case we have the following result: Lemma 6.1. For sufficiently good starting values, which can be provided by the method of continuation, the presented form of the Newton-Kantorovich method (31) is quadratic convergent.
Proof. Since the system of functions {ϕ ν } 2m ν=1
is an extended Hermite (EH) system and the weights B k , k = 1, . . . , m, are positive, from (28) and (8) is Chebyshev, and therefore the matrix U m is invertible. Thus, it is enough to apply the theorem on the matrix inversion in the block form presented in [13, p. 13] and [31, p. 201 ] to finish the proof. [27] to perform all computations using about 50 significant decimal digits.
In our method, in order to get well-conditioned matrices during the numerical procedure, we use the orthonormal system as a basis of functions, so that the method is stable. The main problem with the NewtonKantorovich method is how to provide sufficiently good starting values. Our strategy in the construction is based on the method of continuation, starting from the corresponding standard Gaussian formula (with a polynomial degree of exactness). The convergence is quadratic. Nodes and weights in the quadrature formula (25) for α = β = −1/2 (γ = 0) and m = 2, 3, 4, and 5 are presented in Table 2 . For m = 1 it is easy to find The behaviour of x 1 (α, β) and A 1 (α, β) for −1 < α < 2 and some selected values of β are presented in Figure 3 . For example, for α = β = −1/2 we have x 1 = 1/2 and A 1 = π/2. Applying the quadrature rule (25) to this integral we obtain approximations
with relative errors err 2m presented in Table 3 . Digits in error are underlined. The last two columns give relative errors in the corresponding approximations for the Gauss-Legendre and Gauss-Chebyshev rules with 2m = 20(20)100 points. As we can see these rules are very slow.
